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Let G be a subset of a locally convex separated topological vector space E with 
int(G) # 0, cl(G) convex and quasi-complete. Let f: cl(G) + E be a continuous 
condensing multifunction with compact and convex values and with a bounded 
range. It is shown that for each w~int(G), there exists a u= u(w)ea(cl(G)) such 
that p(f(u)-u)=inf{p(x- y): x~,f(u), yecl(G)}, where p is the Minkowski’s 
functional of the set (cl(G) - w). Several fixed point results are obtained as a con- 
sequence of this result. 80 1985 Academic Press, Inc 
Let G be a nonempty convex and compact subset of a locally convex 
separated topological vector space E. A well-known result of Ky Fan [l] 
states that for any continuous mapping f: G + E, there exists a u in G and 
a continuous seminorm p on E satisfying 
p(f(u) - U) = min{ p(f(u) -x): x E G}. (1) 
Recently Reich [6, Corollary 2.21 showed that (1) remains true for any 
continuous seminorm p on E if G is approximatively compact (see [6]) 
and f(G) is relatively compact. Lin [3, Theorem l] proved the validity of 
(1) for continuous condensing functions f defined on a closed ball G of 
radius Y centered at the origin in a Banach space E, where p herein denotes 
the norm in E. In this paper, we investigate (1) for condensing mul- 
tifunctions defined on a convex domain of a locally convex space and give 
sufficient conditions for (1) to hold for such functions. The main result is 
then used to derive some fixed point theorems for multifunctions. Most of 
the delinitions and terminologies of this paper can be found in Reich [4] 
or Su and Sehgal [9]. 
Let X, Y be topological spaces. A multifunction f: X+ Y is upper 
semicontinuous (u.s.c.) if for each closed set B of Y, the set f-‘(B) = 
{x:f(x)nB#0} is a closed subset of X, (b) lower semicontinuous (1.s.c.) 
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if f - ‘( 17) is open subset of X for each U open in Y, (c) continuous if it is 
both U.S.C. and 1.s.c. It follows from the definition that f is I.s.c. iff for each 
open set U in Y and for each x E X with f(x) n U # 0, there exists an open 
set VinXwithxEVandf(z)nU#@foreachzEV. 
The following result is proved in [9]. 
LEMMA 1. Let f: X -+ Y be an U.S.C. multifunction with compact values 
and let {x,: a E f > be a net in X such that x, -+ x. If y, E f(x,) for each 
a E F, then there exists a y E f(x) and a subnet { yp} of the net ( y,: a E F} 
with yD + y. 
Throughout this paper, E denotes a locally convex separated topological 
vector space and % a base of absolutely convex neighborhoods of the 
origin. A subset X of E is totally bounded iff for each UE a!, there exists a 
finite set F in X such that Xc F+ U. For a subset A in E, let 
M(A) = { UE %: A E B + U for some totally bounded subset B of E). 
Note that for A c E, M(co(A)) = M(A), where co(A) denotes the convex 
hull of A. 
Let G c E. A multifunction f: G --) E is condensing (see also Him- 
melberg, Porter, and Van Vleck [2]) if for each bounded but not totally 
bounded subset B of G, M(B)gM(f(B)) but M(B)#M(f(B)). 
For a subset S of E, let a(S), cl(S) and int(S) denote, respectively, the 
boundary, the closure and the interior of S. Further, let cc(E) denote the 
family of non-empty convex and compact subsets of E. A closed subset S of 
E is quasi-complete if its closed boundary subsets are complete. 
The following is a special case of Reich [4, Theorem 4.11 and is used in 
the proof of main result. 
THEOREM 1. Let X be a convex, quasi-complete subset of E and 
f: X -+ cc(E) be an U.S.C. condensing multifunction. If f (X) is bounded and 
f(x) n X # Qr for each x E X, then f has a fixed point. 
For G E E with cl(G) convex and int(G) # 0, let P = { p = p(w): p is the 
Minkowski’s functional of (cl(G) - w), w E int(G)}. Also, for subsets A and B 
of E and p E P, let 
p(A-B)=inf(p(x-y):xEA, DEB}. 
2. THE MAIN RESULT 
THEOREM 2. Let G be a subset of E with int(G) # 0, cl(G) convex and 
quasi-complete. If f: cl(G) + cc(E) is a continuous condensing mutltfiinction 
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with a bounded range, then for each w E int(G), there exists a u = u(w) in 
cl(G) such that 
p(f(u)-u)=p(f(u)--l(G)), (2) 
where p = p(w) E P. Further, zf p( f(u) - w) 6 1, then u E f(u) and if 
p(f(u)- w) > 1, then UE a(cl(G)). 
We first prove the following lemma, which simplifies the proof of 
Theorem 2. 
LEMMA 2. Let G be a closed subset of E and f: G + cc(E) be a con- 
tinuous multifunction. If a net {xa} +x in G then for any continuous 
seminorm p on E and w in E, there exists a subnet {xs} with 
P(f(xs) - w) -+ p(f(x) - w). 
Proof Choose YE Ef(Xco and Y ef(x) such that 
p( y, - w) = p( f (x,) - w) and p( y - w) = p( f (x) - w). By Lemma 1, there 
exists a z E f(x) and a subnet ( yp} of the net { y,} with yp + z. Let E > 0 
and U={u~E:p(u-w)<p(y-w)+E~. Then, U is open and 
y E f (x) n U. Consequently, by l.s.c., there is a neighborhood V’ of x such 
that f(u) n U# (25 for each u E G n I/. Since, xp -+ x, it follows that 
f (xg) n U # @ eventually. Thus, if zB E f (xs) n U, then p(za - w) < 
p( y - w) + E. Further, zg E f (xg) implies that p( ys - w) d p(z8 - w) d 
p( y - w) + E and hence p(z - w) < p( y- w) + E. This yields p(z - w) = 
p( y - w, that is p( fx, - w) -+ p(z - w) = p( fx - w). 
Proof of Theorem 2. Let w E int(G) and p = p(w) E P. Define a mapping 
I: cl(G) + [0, l] by 
4x)=(max{Lp(f(x)-w)})m’. 
Note that for any x in cl(G), 0 <I(x)< 1 and l(x)p(fx- w) < 1. Let 
g: cl(G) -+ cc(E) be defined by 
g(x)= {=f(x): P&w)= p(f(x)-w)). 
Clearly, g(x) is a nonempty convex and compact subset of f(x). Define a 
multifunction h: cl(G) + cc(E) by 
h(x) = l(x) g(x) + (1 - l(x))w. 
Then h(x) is a nonempty convex and compact subset of E and since 
g(x) c f(x), it follows that h is condensing with a bounded range. Further- 
more the last expression implies that z E h(x) n cl(G) for any z E g(x). We 
show that h is in fact u.s.c., that is h - ‘(A) is closed for any closed set A in 
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E. To prove this let a net {xd} Z/U’(A) be such that x, -+x~cl(G). Since 
h(x,) n A # 0, there exists for each a, a JJ~ E g(x,) satisfying 
ax,) Y, + (1 - 4x,)) w E A. (3) 
Now by Lemma 1, there exists a subnet { va> and a y in f(x) with JJ@ -+ y. 
By Lemma 2, we may assume that p( yP - w) = p(f(xp) - w) -+ p(fx - w). 
This implies that p( y - w) = p(f(x) - w), that is y E g(x). Further since 
I(xp) + I(x), it follows that by (3) that h(x) n A # 0, that is x~h -‘(A). 
Thus, h satisfies the conditions of Theorem 1. Consequently, there is a 
u E cl(G) with u E h(u). This implies that 
u E (4u) g(u) + (1 - Qu))w). (4) 
We consider two cases (i) p(f(u)- w) < 1 and (ii) p(f(u) - w)> 1. 
If p(f(u)- w) < 1, then l(u) = 1 and hence UE g(u) c f(u) and in 
this case p(u-fu) = p(f(u) - cl(G)) = 0. If p(f(u)- w) > 1, then 
l(u) p(f(u) - w) = 1. Choose a z E g(u) with u = I(u)z + (1 - f(u)w. Then 
z-u=(l-f(u))(z-w) and 
p(f(u)-u)6p(z-u)=(1 -f(u))p(f(u)-w)=p(f(u)-w)- 1. (5) 
Thus, for any u Ed and x E cl(G), 
&f(u) -u) d p(u - w) - 1 6 p(0 - x) + (p(x - w) - 1). 
Since for x E cl(G), p(x- w) 6 1, it follows by the above inequality that 
p(f(u) - U) d p(v -x) for all off and x~cl(G). This implies that 
p(flu) - u) < p(f(u) -cl(G)). Since, u E cl(G), we have p(f(u) - U) = 
p(f(u) - cl(G)). Thus (2) holds in case (ii) also. Furthermore, in this case, 
since p(u - w) = I(U) p(z - w) = I(U) p(f(u) - w) = 1, it follows that 
u E a(cl(G)). This completes the proof. 
It may be pointed out that in [4, Theorem 1.71 Reich introduced 
IF,(x) = {x + c( y - x): y E G, real(c) > $} and showed if G is a compact 
and convex subset of E and f: G + cc(E) is a continuous multifunction 
with f(x) s IF,(x) for each x E G, then f has a fixed point. This extends a 
well-known result of Ky Fan [2]. Note that if additionally int(G) # 0, 
then since f(G) is compact, the above result also follows from Theorem 2. 
In fact, in this case, it suffices to require f(x) E IF,(x) for each x E a(cl(G)) 
(the proof in [4, Theorem 1.71 works here also). 
For a subset A of E and XE A, let IA(x) be the inward set of A at x, that 
is IA(x) = {x + c(z -x): z E A and c > O}. As an application of Theorem 2, 
we have 
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COROLLARY 1. Let G be a subset of E with int(G) # 0, cl(G) c~n~ex 
and quasi-complete. Let f: cl(G) -+ cc(E) be a continuous condensing mul- 
tifunction with a bounded range. If f satisfies any one of the following con- 
ditions: 
(a) for each u~a(cl(G)), f(u)ncl(G)#0 
(b) there exists a p = P(W)E P such that if p(f(u)- u) >O for 
u E a(cl(G)), then p(f(u) - y) < p(f(u) - u)for some Y E k(G)(u). 
(c) for each u E a(cl(G)), f(u) n cUL&u)) f 0 
(d) there exists p= p(w) E P such that for each u~a(cl(G)), 
lim r-O+ t-‘p(((l-t)u+tf(u))-cl(G))=O. 
Then f has a fixed point. 
Proof Choose a p = p(w) E P (either arbitrary w E int(G) or one given 
by hypothesis). Then for this w, there exists a u E cl(G) such that 
p(f(u) - u) = p(f(u) -cl(G)). (6) 
We shall show that each of the conditions in Corollary 1 imply that 
p( f (u) - w) < 1. To prove this assertion, suppose p(f (u) - w) > 1. Then by 
Theorem 2, u E d(cl(G)) and by (5) 
P(f (u) - u) ’ 0. (7) 
Now, if (a) holds, then p(f(u) -cl(G)) =0 and hence by (6) 
p(f(u)-u)=O. This contradicts (7). Consequently, p(f(u)-w)6 1. If (b) 
holds, then there exists y = u + c(z - u), z ~cl(G) and c 3 0 such that 
p(f(u)- y)< p(f(u) -u). In view of (6), the last inequality implies that 
y # cl(G) and since cl(G) is convex, it follows that c > 1. Thus, if b = c ‘, 
then 0 < b < 1 and z = by + (1 - b)u. Now, if w,, and w2 are arbitrary 
elements of f(u), then since f(u) is convex, 
p(f(u)-cl(G))<p(bw,+(l-b)w,-by-(I-b)u) 
d bp(w, - Y) + (1 -b) p(w, - u). 
This implies that p(f(u)-cl(G))dbp(f(u)-y)+(l-b)p(f(u)-u)< 
p(f(u)-u), contradicting (6). Thus p(f(u)-w)<l. In case of (c), there 
exists a ZE f(u) and a net {y,: M: ET} with ya= u+ c,(z,- u), c,>O, 
z, E cl(G) such that ya + z. Since p(f(u) - U) > 0, choose a cl0 E r such that 
p(z- y,)<p(f(u)-u) for all ~>a,. Now, since z~f(u), p(f(u)- y,)< 
P(Z-Y,)<P(f(U)- ) f u or cz 2 LQ. Consequently, for c1 B Q, y, 4 cl(G) and 
hence c, > 1. Thus, if 6, = ca I, then 0 < b, < 1 and z, = b, y, + (1 - b,)u. 
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Since f(u) is convex, it follows as in case (b) that for CI 3 tlo, 
PWU) -cl(G)) G A.f(~) -~a) 6 b, PU-(U) - Y,) + Cl- b,) 10-(u) - u) 
< /u(u) - u). 
This inequality contradicts (6). Thus, p(f(u) - W) < 1 in this case also. In 
case of hypothesis (d), we assert that p((( 1 - t)u + tf(u)) - z) > tp(f(u) - U) 
for each z E cl(G) and 0 < t d 1. To prove this, suppose there exists a 
z E cl(G) and t E (0, 1 ] such that p(( 1 - t)u + tf(u) - z) < @(f(u) - u). Then 
since f(u) is convex, it follows that 
P(f(~)-z)6P(tf(~)+(l-~)~--z)+(l--t)P(f(~)-~) 
< P(f(U) - u). 
The above inequality implies that &f(u) - cl(G)) < p(f(u) - u), a con- 
tradiction to (6). Thus, the assertion is true. Therefore, it now follows that 
P(( 1 - t)u + tf(u) - cl(G)) > @(f(u) - U) for each t E (0, 1). Consequently, 
by hypothesis (d) and the last inequality, it follows that p(f(u)- U) < 
lim , +o+ inf t ~ ‘p(( 1 - t)u + u(u) - cl(G)) = 0. This is a contradiction to (7). 
Hence, we conclude that p(f(u) - w) < 1. Thus by Theorem 2, u Ed. 
It may be remarked that condition (d) was used by Reich [S] and the 
proof herein follows the lines of argument of Lemma 1.2 in [S]. Note that 
(a) implies (c). If int(G) # 0, then Corollary l(b) is an extension of Reich 
[7, Theorem 3, condition (4)] as it requies (b) to be satisfied only for the 
boundary points. It may be added that recently Reich [S] showed that 
Corollary 1 remains true if E is quasi-complete f in Corollary 1 is U.S.C. 
with closed values (cl(G) need not be convex) and satisfies the following 
Leray-Schauder boundary condition: 
(R). For each YE~(cI(G)) and z~f(y), z-w#m(y--w) for all m> 1. 
It can be shown that (c) implies (R) and hence Corollary l(c) is a special 
case of [S] if E is quasi-complete. 
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